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Fermi mechanism (Fermi, 1954): random scattering leads to energy gain
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Fermi mechanism (Fermi, 1954): random scattering leads to energy gain

In a shock a particle gains energy at any reflection (Blandford & 
Ostriker; Bell; Axford et al.; 1978): Diffusive Shock Acceleration

SNR paradigm: acceleration mechanism

Upstream (pre-shock)Downstream (post-shock)

Test-particle 
squeezed 
between 

converging 
flows

���3



Fermi mechanism (Fermi, 1954): random scattering leads to energy gain

In a shock a particle gains energy at any reflection (Blandford & 
Ostriker; Bell; Axford et al.; 1978): Diffusive Shock Acceleration

DSA produces power-law p-α in momentum, depending on the 
compression ratio R=u1/u2 only. For strong shocks: α=4 (i.e., ∝E-2) 
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Evidence of magnetic field amplification

Narrow (non-thermal) X-ray rims due 
to synchrotron losses of 10-100 TeV 
electrons...
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Evidence of magnetic field amplification

Narrow (non-thermal) X-ray rims due 
to synchrotron losses of 10-100 TeV 
electrons...

...in fields as large as B～100-500μG
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G. Morlino and D. Caprioli: Strong evidences of hadron acceleration in Tycho’s Supernova Remnant
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Fig. 9. Projected X-ray emission at 1 keV. The Chandra data points are
from Cassam-Chenaı̈ et al. (2007) (see their Fig. 15). The solid line
shows the projected radial profile of synchrotron emission convolved
with the Chandra point spread function (assumed to be 0.5 arcsec).

indicates the synchrotron emission alone and the solid line cor-
responds to the sum of synchrotron plus thermal bremsstrahlung.

The electron temperature in the downstream, calculated tak-
ing into account only the heating due to Coulomb collisions with
protons (Fig. 3), results in a bremsstrahlung emission peaked
around 1.2 keV which, at its maximum, contributes for about
the 6 per cent of the total X-ray continuum emission only, in
agreement with the findings of Cassam-Chenaı̈ et al. (2007).

In the same energy range there is however a non-negligible
contribution from several emission lines, which becomes more
and more important moving inwards from the FS, where the X-
ray emission is mainly non-thermal (Warren et al., 2005). A de-
tailed model of the line forest is, however, beyond the main goal
of this paper.

The projected X-ray emission profile, computed at 1 keV, is
shown in Fig. 9, where it is compared with the Chandra data in
the region that Cassam-Chenaı̈ et al. (2007) call region W. The
solid curve represents the resulting radial profile, already con-
voluted with the Chandra PSF of about 0.5 arcsec, and shows a
remarkable agreement with the data. As widely stated above, the
sharp decrease of the emission behind the FS is due to the rapid
synchrotron losses of the electrons in a magnetic field as large
as ∼ 300µG. In Fig. 9 we also plot the radial radio profile com-
puted without magnetic damping (dashed line); since the typical
damping length-scale is ∼ 3 pc, it is clear that the non-linear
Landau damping can not contribute to the determination of the
filament thickness.

It is worth stressing that the actual amplitude of the mag-
netic field we adopt is not determined to fit the X-ray rim profile,
but it is rather a secondary output, due to our modelling of the
streaming instability, of our tuning the injection efficiency and
the ISM density in order to fit the observed gamma-ray emis-
sion (see the discussion in §3). We in fact checked a posteriori
whether the corresponding profile of the synchrotron emission
(which, in shape, is also independent on Kep), were able to ac-
count for the thickness of the X-ray rims and for the radio profile
as well.
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Fig. 10. Synchrotron emission calculated by assuming constant down-
stream magnetic field equal to 100 (dotted line), 200 (dashed line) and
300 µG (solid line). The normalization of the electron spectrum is taken
to be Kep = 1.6 × 10−3 for all the curves.

4.3. Radio to X-ray fitting as a hint of magnetic field
amplification

Another very interesting property of the synchrotron emission is
that a simultaneous fit of both radio and X-ray data may provide
a downstream magnetic field estimate independent of the one
deduced by the rims’ thickness.

In fact, assuming Bohm diffusion, the position of the cut-off
frequency observed in the X-ray band turns out to be indepen-
dent of the magnetic field strength, actually depending on the
shock velocity only.

On the other hand, if the magnetic field is large enough to
make synchrotron losses dominate on ICS and adiabatic ones,
the total X-ray flux in the cut-off region depends only on the
electron density, in turn fixing the value of Kep independently
of the magnetic field strength. Moreover, radio data suggest the
slope of the electron spectrum to be equal to 2.2 at low energies,
namely below Eroll ≃ 200 GeV. Above this energy the spectral
slope has in fact to be 3.2 up to the cut-off determined by setting
the acceleration time equal to the loss time, as discussed in §2.5.

In Fig. 10 we plot the synchrotron emission from the down-
stream, assuming a given magnetic field at the shock and ne-
glecting all the effects induced by damping and adiabatic expan-
sion. The three curves correspond to different values of B2 =
100, 200 and 300µG, while the normalization factor Kep is cho-
sen by fitting the X-ray cut-off and it is therefore the same for all
curves. As it is clear from the figure, in order to fit the radio data
the magnetic field at the shock has to be >∼ 200µG, even in the
most optimistic hypothesis of absence of any damping mecha-
nism acting in the downstream.

As a matter of fact, synchrotron emission alone can provide
an evidence of ongoing magnetic field amplification, indepen-
dently of any other evidence related to X-ray rims’ thickness or
emission variability. Such an analysis is in principle viable for
any SNR detected in the non-thermal X-rays for which it is also
possible to infer the spectral slope of the electron spectrum from
the radio data, only requiring radio and X-ray emissions to come
from the same volume and therefore from the same population
of electrons.
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Fig. 9. Projected X-ray emission at 1 keV. The Chandra data points are
from Cassam-Chenaı̈ et al. (2007) (see their Fig. 15). The solid line
shows the projected radial profile of synchrotron emission convolved
with the Chandra point spread function (assumed to be 0.5 arcsec).

indicates the synchrotron emission alone and the solid line cor-
responds to the sum of synchrotron plus thermal bremsstrahlung.

The electron temperature in the downstream, calculated tak-
ing into account only the heating due to Coulomb collisions with
protons (Fig. 3), results in a bremsstrahlung emission peaked
around 1.2 keV which, at its maximum, contributes for about
the 6 per cent of the total X-ray continuum emission only, in
agreement with the findings of Cassam-Chenaı̈ et al. (2007).

In the same energy range there is however a non-negligible
contribution from several emission lines, which becomes more
and more important moving inwards from the FS, where the X-
ray emission is mainly non-thermal (Warren et al., 2005). A de-
tailed model of the line forest is, however, beyond the main goal
of this paper.

The projected X-ray emission profile, computed at 1 keV, is
shown in Fig. 9, where it is compared with the Chandra data in
the region that Cassam-Chenaı̈ et al. (2007) call region W. The
solid curve represents the resulting radial profile, already con-
voluted with the Chandra PSF of about 0.5 arcsec, and shows a
remarkable agreement with the data. As widely stated above, the
sharp decrease of the emission behind the FS is due to the rapid
synchrotron losses of the electrons in a magnetic field as large
as ∼ 300µG. In Fig. 9 we also plot the radial radio profile com-
puted without magnetic damping (dashed line); since the typical
damping length-scale is ∼ 3 pc, it is clear that the non-linear
Landau damping can not contribute to the determination of the
filament thickness.

It is worth stressing that the actual amplitude of the mag-
netic field we adopt is not determined to fit the X-ray rim profile,
but it is rather a secondary output, due to our modelling of the
streaming instability, of our tuning the injection efficiency and
the ISM density in order to fit the observed gamma-ray emis-
sion (see the discussion in §3). We in fact checked a posteriori
whether the corresponding profile of the synchrotron emission
(which, in shape, is also independent on Kep), were able to ac-
count for the thickness of the X-ray rims and for the radio profile
as well.
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Fig. 10. Synchrotron emission calculated by assuming constant down-
stream magnetic field equal to 100 (dotted line), 200 (dashed line) and
300 µG (solid line). The normalization of the electron spectrum is taken
to be Kep = 1.6 × 10−3 for all the curves.

4.3. Radio to X-ray fitting as a hint of magnetic field
amplification

Another very interesting property of the synchrotron emission is
that a simultaneous fit of both radio and X-ray data may provide
a downstream magnetic field estimate independent of the one
deduced by the rims’ thickness.

In fact, assuming Bohm diffusion, the position of the cut-off
frequency observed in the X-ray band turns out to be indepen-
dent of the magnetic field strength, actually depending on the
shock velocity only.

On the other hand, if the magnetic field is large enough to
make synchrotron losses dominate on ICS and adiabatic ones,
the total X-ray flux in the cut-off region depends only on the
electron density, in turn fixing the value of Kep independently
of the magnetic field strength. Moreover, radio data suggest the
slope of the electron spectrum to be equal to 2.2 at low energies,
namely below Eroll ≃ 200 GeV. Above this energy the spectral
slope has in fact to be 3.2 up to the cut-off determined by setting
the acceleration time equal to the loss time, as discussed in §2.5.

In Fig. 10 we plot the synchrotron emission from the down-
stream, assuming a given magnetic field at the shock and ne-
glecting all the effects induced by damping and adiabatic expan-
sion. The three curves correspond to different values of B2 =
100, 200 and 300µG, while the normalization factor Kep is cho-
sen by fitting the X-ray cut-off and it is therefore the same for all
curves. As it is clear from the figure, in order to fit the radio data
the magnetic field at the shock has to be >∼ 200µG, even in the
most optimistic hypothesis of absence of any damping mecha-
nism acting in the downstream.

As a matter of fact, synchrotron emission alone can provide
an evidence of ongoing magnetic field amplification, indepen-
dently of any other evidence related to X-ray rims’ thickness or
emission variability. Such an analysis is in principle viable for
any SNR detected in the non-thermal X-rays for which it is also
possible to infer the spectral slope of the electron spectrum from
the radio data, only requiring radio and X-ray emissions to come
from the same volume and therefore from the same population
of electrons.
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Fig. 9. Projected X-ray emission at 1 keV. The Chandra data points are
from Cassam-Chenaı̈ et al. (2007) (see their Fig. 15). The solid line
shows the projected radial profile of synchrotron emission convolved
with the Chandra point spread function (assumed to be 0.5 arcsec).

indicates the synchrotron emission alone and the solid line cor-
responds to the sum of synchrotron plus thermal bremsstrahlung.

The electron temperature in the downstream, calculated tak-
ing into account only the heating due to Coulomb collisions with
protons (Fig. 3), results in a bremsstrahlung emission peaked
around 1.2 keV which, at its maximum, contributes for about
the 6 per cent of the total X-ray continuum emission only, in
agreement with the findings of Cassam-Chenaı̈ et al. (2007).

In the same energy range there is however a non-negligible
contribution from several emission lines, which becomes more
and more important moving inwards from the FS, where the X-
ray emission is mainly non-thermal (Warren et al., 2005). A de-
tailed model of the line forest is, however, beyond the main goal
of this paper.

The projected X-ray emission profile, computed at 1 keV, is
shown in Fig. 9, where it is compared with the Chandra data in
the region that Cassam-Chenaı̈ et al. (2007) call region W. The
solid curve represents the resulting radial profile, already con-
voluted with the Chandra PSF of about 0.5 arcsec, and shows a
remarkable agreement with the data. As widely stated above, the
sharp decrease of the emission behind the FS is due to the rapid
synchrotron losses of the electrons in a magnetic field as large
as ∼ 300µG. In Fig. 9 we also plot the radial radio profile com-
puted without magnetic damping (dashed line); since the typical
damping length-scale is ∼ 3 pc, it is clear that the non-linear
Landau damping can not contribute to the determination of the
filament thickness.

It is worth stressing that the actual amplitude of the mag-
netic field we adopt is not determined to fit the X-ray rim profile,
but it is rather a secondary output, due to our modelling of the
streaming instability, of our tuning the injection efficiency and
the ISM density in order to fit the observed gamma-ray emis-
sion (see the discussion in §3). We in fact checked a posteriori
whether the corresponding profile of the synchrotron emission
(which, in shape, is also independent on Kep), were able to ac-
count for the thickness of the X-ray rims and for the radio profile
as well.
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Fig. 10. Synchrotron emission calculated by assuming constant down-
stream magnetic field equal to 100 (dotted line), 200 (dashed line) and
300 µG (solid line). The normalization of the electron spectrum is taken
to be Kep = 1.6 × 10−3 for all the curves.

4.3. Radio to X-ray fitting as a hint of magnetic field
amplification

Another very interesting property of the synchrotron emission is
that a simultaneous fit of both radio and X-ray data may provide
a downstream magnetic field estimate independent of the one
deduced by the rims’ thickness.

In fact, assuming Bohm diffusion, the position of the cut-off
frequency observed in the X-ray band turns out to be indepen-
dent of the magnetic field strength, actually depending on the
shock velocity only.

On the other hand, if the magnetic field is large enough to
make synchrotron losses dominate on ICS and adiabatic ones,
the total X-ray flux in the cut-off region depends only on the
electron density, in turn fixing the value of Kep independently
of the magnetic field strength. Moreover, radio data suggest the
slope of the electron spectrum to be equal to 2.2 at low energies,
namely below Eroll ≃ 200 GeV. Above this energy the spectral
slope has in fact to be 3.2 up to the cut-off determined by setting
the acceleration time equal to the loss time, as discussed in §2.5.

In Fig. 10 we plot the synchrotron emission from the down-
stream, assuming a given magnetic field at the shock and ne-
glecting all the effects induced by damping and adiabatic expan-
sion. The three curves correspond to different values of B2 =
100, 200 and 300µG, while the normalization factor Kep is cho-
sen by fitting the X-ray cut-off and it is therefore the same for all
curves. As it is clear from the figure, in order to fit the radio data
the magnetic field at the shock has to be >∼ 200µG, even in the
most optimistic hypothesis of absence of any damping mecha-
nism acting in the downstream.

As a matter of fact, synchrotron emission alone can provide
an evidence of ongoing magnetic field amplification, indepen-
dently of any other evidence related to X-ray rims’ thickness or
emission variability. Such an analysis is in principle viable for
any SNR detected in the non-thermal X-rays for which it is also
possible to infer the spectral slope of the electron spectrum from
the radio data, only requiring radio and X-ray emissions to come
from the same volume and therefore from the same population
of electrons.
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Fig. 9. Projected X-ray emission at 1 keV. The Chandra data points are
from Cassam-Chenaı̈ et al. (2007) (see their Fig. 15). The solid line
shows the projected radial profile of synchrotron emission convolved
with the Chandra point spread function (assumed to be 0.5 arcsec).

indicates the synchrotron emission alone and the solid line cor-
responds to the sum of synchrotron plus thermal bremsstrahlung.

The electron temperature in the downstream, calculated tak-
ing into account only the heating due to Coulomb collisions with
protons (Fig. 3), results in a bremsstrahlung emission peaked
around 1.2 keV which, at its maximum, contributes for about
the 6 per cent of the total X-ray continuum emission only, in
agreement with the findings of Cassam-Chenaı̈ et al. (2007).

In the same energy range there is however a non-negligible
contribution from several emission lines, which becomes more
and more important moving inwards from the FS, where the X-
ray emission is mainly non-thermal (Warren et al., 2005). A de-
tailed model of the line forest is, however, beyond the main goal
of this paper.

The projected X-ray emission profile, computed at 1 keV, is
shown in Fig. 9, where it is compared with the Chandra data in
the region that Cassam-Chenaı̈ et al. (2007) call region W. The
solid curve represents the resulting radial profile, already con-
voluted with the Chandra PSF of about 0.5 arcsec, and shows a
remarkable agreement with the data. As widely stated above, the
sharp decrease of the emission behind the FS is due to the rapid
synchrotron losses of the electrons in a magnetic field as large
as ∼ 300µG. In Fig. 9 we also plot the radial radio profile com-
puted without magnetic damping (dashed line); since the typical
damping length-scale is ∼ 3 pc, it is clear that the non-linear
Landau damping can not contribute to the determination of the
filament thickness.

It is worth stressing that the actual amplitude of the mag-
netic field we adopt is not determined to fit the X-ray rim profile,
but it is rather a secondary output, due to our modelling of the
streaming instability, of our tuning the injection efficiency and
the ISM density in order to fit the observed gamma-ray emis-
sion (see the discussion in §3). We in fact checked a posteriori
whether the corresponding profile of the synchrotron emission
(which, in shape, is also independent on Kep), were able to ac-
count for the thickness of the X-ray rims and for the radio profile
as well.
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Fig. 10. Synchrotron emission calculated by assuming constant down-
stream magnetic field equal to 100 (dotted line), 200 (dashed line) and
300 µG (solid line). The normalization of the electron spectrum is taken
to be Kep = 1.6 × 10−3 for all the curves.

4.3. Radio to X-ray fitting as a hint of magnetic field
amplification

Another very interesting property of the synchrotron emission is
that a simultaneous fit of both radio and X-ray data may provide
a downstream magnetic field estimate independent of the one
deduced by the rims’ thickness.

In fact, assuming Bohm diffusion, the position of the cut-off
frequency observed in the X-ray band turns out to be indepen-
dent of the magnetic field strength, actually depending on the
shock velocity only.

On the other hand, if the magnetic field is large enough to
make synchrotron losses dominate on ICS and adiabatic ones,
the total X-ray flux in the cut-off region depends only on the
electron density, in turn fixing the value of Kep independently
of the magnetic field strength. Moreover, radio data suggest the
slope of the electron spectrum to be equal to 2.2 at low energies,
namely below Eroll ≃ 200 GeV. Above this energy the spectral
slope has in fact to be 3.2 up to the cut-off determined by setting
the acceleration time equal to the loss time, as discussed in §2.5.

In Fig. 10 we plot the synchrotron emission from the down-
stream, assuming a given magnetic field at the shock and ne-
glecting all the effects induced by damping and adiabatic expan-
sion. The three curves correspond to different values of B2 =
100, 200 and 300µG, while the normalization factor Kep is cho-
sen by fitting the X-ray cut-off and it is therefore the same for all
curves. As it is clear from the figure, in order to fit the radio data
the magnetic field at the shock has to be >∼ 200µG, even in the
most optimistic hypothesis of absence of any damping mecha-
nism acting in the downstream.

As a matter of fact, synchrotron emission alone can provide
an evidence of ongoing magnetic field amplification, indepen-
dently of any other evidence related to X-ray rims’ thickness or
emission variability. Such an analysis is in principle viable for
any SNR detected in the non-thermal X-rays for which it is also
possible to infer the spectral slope of the electron spectrum from
the radio data, only requiring radio and X-ray emissions to come
from the same volume and therefore from the same population
of electrons.

11

~0.02 pc

Morlino & Caprioli, 2012

G. Morlino and D. Caprioli: Strong evidences of hadron acceleration in Tycho’s Supernova Remnant

X!ray profile " 1 keV

0.94 0.95 0.96 0.97 0.98 0.99 1.00
1

2

3

4

5

6

7

8

R!Rsh

Br
ig
ht
ne
ss
"e
rg
!s
!c
m
2 !
H
z!
sr
#

Fig. 9. Projected X-ray emission at 1 keV. The Chandra data points are
from Cassam-Chenaı̈ et al. (2007) (see their Fig. 15). The solid line
shows the projected radial profile of synchrotron emission convolved
with the Chandra point spread function (assumed to be 0.5 arcsec).

indicates the synchrotron emission alone and the solid line cor-
responds to the sum of synchrotron plus thermal bremsstrahlung.

The electron temperature in the downstream, calculated tak-
ing into account only the heating due to Coulomb collisions with
protons (Fig. 3), results in a bremsstrahlung emission peaked
around 1.2 keV which, at its maximum, contributes for about
the 6 per cent of the total X-ray continuum emission only, in
agreement with the findings of Cassam-Chenaı̈ et al. (2007).

In the same energy range there is however a non-negligible
contribution from several emission lines, which becomes more
and more important moving inwards from the FS, where the X-
ray emission is mainly non-thermal (Warren et al., 2005). A de-
tailed model of the line forest is, however, beyond the main goal
of this paper.

The projected X-ray emission profile, computed at 1 keV, is
shown in Fig. 9, where it is compared with the Chandra data in
the region that Cassam-Chenaı̈ et al. (2007) call region W. The
solid curve represents the resulting radial profile, already con-
voluted with the Chandra PSF of about 0.5 arcsec, and shows a
remarkable agreement with the data. As widely stated above, the
sharp decrease of the emission behind the FS is due to the rapid
synchrotron losses of the electrons in a magnetic field as large
as ∼ 300µG. In Fig. 9 we also plot the radial radio profile com-
puted without magnetic damping (dashed line); since the typical
damping length-scale is ∼ 3 pc, it is clear that the non-linear
Landau damping can not contribute to the determination of the
filament thickness.

It is worth stressing that the actual amplitude of the mag-
netic field we adopt is not determined to fit the X-ray rim profile,
but it is rather a secondary output, due to our modelling of the
streaming instability, of our tuning the injection efficiency and
the ISM density in order to fit the observed gamma-ray emis-
sion (see the discussion in §3). We in fact checked a posteriori
whether the corresponding profile of the synchrotron emission
(which, in shape, is also independent on Kep), were able to ac-
count for the thickness of the X-ray rims and for the radio profile
as well.
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Fig. 10. Synchrotron emission calculated by assuming constant down-
stream magnetic field equal to 100 (dotted line), 200 (dashed line) and
300 µG (solid line). The normalization of the electron spectrum is taken
to be Kep = 1.6 × 10−3 for all the curves.

4.3. Radio to X-ray fitting as a hint of magnetic field
amplification

Another very interesting property of the synchrotron emission is
that a simultaneous fit of both radio and X-ray data may provide
a downstream magnetic field estimate independent of the one
deduced by the rims’ thickness.

In fact, assuming Bohm diffusion, the position of the cut-off
frequency observed in the X-ray band turns out to be indepen-
dent of the magnetic field strength, actually depending on the
shock velocity only.

On the other hand, if the magnetic field is large enough to
make synchrotron losses dominate on ICS and adiabatic ones,
the total X-ray flux in the cut-off region depends only on the
electron density, in turn fixing the value of Kep independently
of the magnetic field strength. Moreover, radio data suggest the
slope of the electron spectrum to be equal to 2.2 at low energies,
namely below Eroll ≃ 200 GeV. Above this energy the spectral
slope has in fact to be 3.2 up to the cut-off determined by setting
the acceleration time equal to the loss time, as discussed in §2.5.

In Fig. 10 we plot the synchrotron emission from the down-
stream, assuming a given magnetic field at the shock and ne-
glecting all the effects induced by damping and adiabatic expan-
sion. The three curves correspond to different values of B2 =
100, 200 and 300µG, while the normalization factor Kep is cho-
sen by fitting the X-ray cut-off and it is therefore the same for all
curves. As it is clear from the figure, in order to fit the radio data
the magnetic field at the shock has to be >∼ 200µG, even in the
most optimistic hypothesis of absence of any damping mecha-
nism acting in the downstream.

As a matter of fact, synchrotron emission alone can provide
an evidence of ongoing magnetic field amplification, indepen-
dently of any other evidence related to X-ray rims’ thickness or
emission variability. Such an analysis is in principle viable for
any SNR detected in the non-thermal X-rays for which it is also
possible to infer the spectral slope of the electron spectrum from
the radio data, only requiring radio and X-ray emissions to come
from the same volume and therefore from the same population
of electrons.

11

Bd=300μG

200μG

100μG



SNR paradigm: maximum energy

���5



The field is amplified by CR-induced streaming instabilities       
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The field is amplified by CR-induced streaming instabilities       

The coupling between CRs and waves enhances VA ∝ B

SNR paradigm: maximum energy

���5

x[c/ωp]

y[
c/
ω
p
]

n/n0 (t = 100ω−1
c )

 

 

1000 1200 1400 1600 1800 2000 2200 2400 2600 2800 3000
0

100

200

300

400

500

600

700

800

900

1000

Log[E f(E)]  @ t=380tc
−1

x [c/tp]

Lo
g(

E/
E sh

)

 

 

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

−2

−1

0

1

2

−4 −3.5 −3 −2.5 −2 −1.5 −1 −0.5 0 0.5 1

1

2

3

4

5

6

CRs
Vsh

VA

UpstreamDownstream
Shock

vA = Bp
4⇡⇢



The field is amplified by CR-induced streaming instabilities       

The coupling between CRs and waves enhances VA ∝ B

Maximum energy achievable in a SNR:

SNR paradigm: maximum energy

���5

Tacc / D(E)
V 2
sh

= Tage
x[c/ωp]

y[
c/
ω
p
]

n/n0 (t = 100ω−1
c )

 

 

1000 1200 1400 1600 1800 2000 2200 2400 2600 2800 3000
0

100

200

300

400

500

600

700

800

900

1000

Log[E f(E)]  @ t=380tc
−1

x [c/tp]

Lo
g(

E/
E sh

)

 

 

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

−2

−1

0

1

2

−4 −3.5 −3 −2.5 −2 −1.5 −1 −0.5 0 0.5 1

1

2

3

4

5

6

CRs
Vsh

VA

UpstreamDownstream
Shock

vA = Bp
4⇡⇢



The field is amplified by CR-induced streaming instabilities       

The coupling between CRs and waves enhances VA ∝ B

Maximum energy achievable in a SNR:

With Galactic diffusion: Emax～5 GeV!

SNR paradigm: maximum energy

���5

Tacc / D(E)
V 2
sh

= Tage
x[c/ωp]

y[
c/
ω
p
]

n/n0 (t = 100ω−1
c )

 

 

1000 1200 1400 1600 1800 2000 2200 2400 2600 2800 3000
0

100

200

300

400

500

600

700

800

900

1000

Log[E f(E)]  @ t=380tc
−1

x [c/tp]

Lo
g(

E/
E sh

)

 

 

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

−2

−1

0

1

2

−4 −3.5 −3 −2.5 −2 −1.5 −1 −0.5 0 0.5 1

1

2

3

4

5

6

CRs
Vsh

VA

UpstreamDownstream
Shock

vA = Bp
4⇡⇢



The field is amplified by CR-induced streaming instabilities       

The coupling between CRs and waves enhances VA ∝ B

Maximum energy achievable in a SNR:

With Galactic diffusion: Emax～5 GeV!

With self-generated diffusion in δB, Emax～5x106 GeV (Blasi et al. 2007)

SNR paradigm: maximum energy

���5

Tacc / D(E)
V 2
sh

= Tage
x[c/ωp]

y[
c/
ω
p
]

n/n0 (t = 100ω−1
c )

 

 

1000 1200 1400 1600 1800 2000 2200 2400 2600 2800 3000
0

100

200

300

400

500

600

700

800

900

1000

Log[E f(E)]  @ t=380tc
−1

x [c/tp]

Lo
g(

E/
E sh

)

 

 

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

−2

−1

0

1

2

−4 −3.5 −3 −2.5 −2 −1.5 −1 −0.5 0 0.5 1

1

2

3

4

5

6

CRs
Vsh

VA

UpstreamDownstream
Shock

vA = Bp
4⇡⇢



Conclusions?

Supernova Remnants


Have the right energetics



Diffusive shock acceleration produces power-laws



B amplification may help reaching the knee

���6

G292.0+1.8



Conclusions?

Supernova Remnants


Have the right energetics



Diffusive shock acceleration produces power-laws



B amplification may help reaching the knee

���6

BUT

G292.0+1.8



Conclusions?

Supernova Remnants


Have the right energetics



Diffusive shock acceleration produces power-laws



B amplification may help reaching the knee

���6

Is acceleration at shocks efficient?

BUT

G292.0+1.8



Conclusions?

Supernova Remnants


Have the right energetics



Diffusive shock acceleration produces power-laws



B amplification may help reaching the knee

���6

Is acceleration at shocks efficient?

How do CRs amplify the magnetic field? 

BUT

G292.0+1.8



Conclusions?

Supernova Remnants


Have the right energetics



Diffusive shock acceleration produces power-laws



B amplification may help reaching the knee

���6

Is acceleration at shocks efficient?

How do CRs amplify the magnetic field? 

How do CRs scatter on the self-generated B?

BUT

G292.0+1.8



Conclusions?

Supernova Remnants


Have the right energetics



Diffusive shock acceleration produces power-laws



B amplification may help reaching the knee

���6

Is acceleration at shocks efficient?

How do CRs amplify the magnetic field? 

How do CRs scatter on the self-generated B?

When is acceleration efficient?

BUT

G292.0+1.8



Collisionless shocks

���7



Collisionless shocks

Mediated by collective electromagnetic interactions

Sources of non-thermal particles and emission

���7



Collisionless shocks

Mediated by collective electromagnetic interactions

Sources of non-thermal particles and emission

���7



Collisionless shocks

Mediated by collective electromagnetic interactions

Sources of non-thermal particles and emission

���7



Collisionless shocks

Mediated by collective electromagnetic interactions

Sources of non-thermal particles and emission

���7



Collisionless shocks

Mediated by collective electromagnetic interactions

Sources of non-thermal particles and emission

���7



Collisionless shocks

Mediated by collective electromagnetic interactions

Sources of non-thermal particles and emission

���7



Collisionless shocks

Mediated by collective electromagnetic interactions

Sources of non-thermal particles and emission

���7



Collisionless shocks

Mediated by collective electromagnetic interactions

Sources of non-thermal particles and emission

���7



Collisionless shocks

Mediated by collective electromagnetic interactions

Sources of non-thermal particles and emission

���7



Collisionless shocks

Mediated by collective electromagnetic interactions

Sources of non-thermal particles and emission

���7



Collisionless shocks

Mediated by collective electromagnetic interactions

Sources of non-thermal particles and emission

���7



Collisionless shocks

Mediated by collective electromagnetic interactions

Sources of non-thermal particles and emission

Reproducible in laboratory

���7



Acceleration from first principles

���8



Acceleration from first principles

Full particle in cell approach           
(Spitkovsky 2008, Niemiec et al. 2008, Stroman et al 
2009, Riquelme & Spitkovsky 2010, Sironi & Spitkovsky 
2011, Park et al 2012, Niemiec at al 2012,...)

Define electromagnetic field on a grid

Move particles via Lorentz force

Evolve fields via Maxwell equations

Computationally very challenging!

���8



Acceleration from first principles

Full particle in cell approach           
(Spitkovsky 2008, Niemiec et al. 2008, Stroman et al 
2009, Riquelme & Spitkovsky 2010, Sironi & Spitkovsky 
2011, Park et al 2012, Niemiec at al 2012,...)

Define electromagnetic field on a grid

Move particles via Lorentz force

Evolve fields via Maxwell equations

Computationally very challenging!

Hybrid approach:                                      
Fluid electrons - Kinetic protons                                
(Winske & Omidi; Lipatov 2002; Giacalone et al.; Gargaté 
& Spitkovsky 2012, Caprioli & Spitkovsky 2013,...)

massless electrons for more 
macroscopical time/length scales

���8



Acceleration from first principles

Full particle in cell approach           
(Spitkovsky 2008, Niemiec et al. 2008, Stroman et al 
2009, Riquelme & Spitkovsky 2010, Sironi & Spitkovsky 
2011, Park et al 2012, Niemiec at al 2012,...)

Define electromagnetic field on a grid

Move particles via Lorentz force

Evolve fields via Maxwell equations

Computationally very challenging!

Hybrid approach:                                      
Fluid electrons - Kinetic protons                                
(Winske & Omidi; Lipatov 2002; Giacalone et al.; Gargaté 
& Spitkovsky 2012, Caprioli & Spitkovsky 2013,...)

massless electrons for more 
macroscopical time/length scales

���8



Acceleration from first principles

Full particle in cell approach           
(Spitkovsky 2008, Niemiec et al. 2008, Stroman et al 
2009, Riquelme & Spitkovsky 2010, Sironi & Spitkovsky 
2011, Park et al 2012, Niemiec at al 2012,...)

Define electromagnetic field on a grid

Move particles via Lorentz force

Evolve fields via Maxwell equations

Computationally very challenging!

Hybrid approach:                                      
Fluid electrons - Kinetic protons                                
(Winske & Omidi; Lipatov 2002; Giacalone et al.; Gargaté 
& Spitkovsky 2012, Caprioli & Spitkovsky 2013,...)

massless electrons for more 
macroscopical time/length scales

���8



Acceleration from first principles

Full particle in cell approach           
(Spitkovsky 2008, Niemiec et al. 2008, Stroman et al 
2009, Riquelme & Spitkovsky 2010, Sironi & Spitkovsky 
2011, Park et al 2012, Niemiec at al 2012,...)

Define electromagnetic field on a grid

Move particles via Lorentz force

Evolve fields via Maxwell equations

Computationally very challenging!

Hybrid approach:                                      
Fluid electrons - Kinetic protons                                
(Winske & Omidi; Lipatov 2002; Giacalone et al.; Gargaté 
& Spitkovsky 2012, Caprioli & Spitkovsky 2013,...)

massless electrons for more 
macroscopical time/length scales

���8



Acceleration from first principles

Full particle in cell approach           
(Spitkovsky 2008, Niemiec et al. 2008, Stroman et al 
2009, Riquelme & Spitkovsky 2010, Sironi & Spitkovsky 
2011, Park et al 2012, Niemiec at al 2012,...)

Define electromagnetic field on a grid

Move particles via Lorentz force

Evolve fields via Maxwell equations

Computationally very challenging!

Hybrid approach:                                      
Fluid electrons - Kinetic protons                                
(Winske & Omidi; Lipatov 2002; Giacalone et al.; Gargaté 
& Spitkovsky 2012, Caprioli & Spitkovsky 2013,...)

massless electrons for more 
macroscopical time/length scales

���8



 dHybrid code (Gargaté et al, 2007)

Hybrid simulations of collisionless shocks

���9

DENSITY + PARTICLES

OUT OF PLANE MAGNETIC FIELD

Re
fle

ct
in

g 
w
al

l

Upstream Flow



Shock propagation



Initial B field



 dHybrid code (Gargaté et al, 2007)

Hybrid simulations of collisionless shocks

���9

DENSITY + PARTICLES

OUT OF PLANE MAGNETIC FIELD

Re
fle

ct
in

g 
w
al

l

Upstream Flow



Shock propagation



Initial B field



Spectrum evolution

���10DC & Spitkovsky, arXiv:1310.2943



Spectrum evolution

First-order Fermi 
acceleration: 

f(p)∝p-4  

4πp2f(p)dp=f(E)dE

���10DC & Spitkovsky, arXiv:1310.2943



Spectrum evolution

First-order Fermi 
acceleration: 

f(p)∝p-4  

4πp2f(p)dp=f(E)dE

f(E)∝E-2 (relativ.) 

f(E)∝E-1.5 (non rel.)

���10DC & Spitkovsky, arXiv:1310.2943



Spectrum evolution

First-order Fermi 
acceleration: 

f(p)∝p-4  

4πp2f(p)dp=f(E)dE

f(E)∝E-2 (relativ.) 

f(E)∝E-1.5 (non rel.)

���10DC & Spitkovsky, arXiv:1310.2943



Spectrum evolution

First-order Fermi 
acceleration: 

f(p)∝p-4  

4πp2f(p)dp=f(E)dE

f(E)∝E-2 (relativ.) 

f(E)∝E-1.5 (non rel.)

���10DC & Spitkovsky, arXiv:1310.2943

85% Energy
Maxwellian

Non-thermal Tail

15% Energy



Spectrum evolution

First-order Fermi 
acceleration: 

f(p)∝p-4  

4πp2f(p)dp=f(E)dE

f(E)∝E-2 (relativ.) 

f(E)∝E-1.5 (non rel.)

���10

Fermi acce
leratio

n

DC & Spitkovsky, arXiv:1310.2943

85% Energy
Maxwellian

Non-thermal Tail

15% Energy



Outline

���11

85% 
15% 



Outline

���11

Is acceleration at shocks efficient?

Hybrid simulations: >15% 85% 
15% 



Outline

���11

Is acceleration at shocks efficient?

Hybrid simulations: >15% 

How do CRs amplify the magnetic field?

85% 
15% 



Outline

���11

Is acceleration at shocks efficient?

Hybrid simulations: >15% 

How do CRs amplify the magnetic field?

85% 
15% 



Filamentation instability

���12Caprioli & Spitkovsky, 2013



Filamentation instability

���12Caprioli & Spitkovsky, 2013



3D simulations of a parallel shock

���13

Caprioli & 


Spitkovsky, 



2013



3D simulations of a parallel shock

���13

Caprioli & 


Spitkovsky, 



2013



Uchiyama et al 2007

SNR RX J1713.7-3946 

Knots and filaments

���14



Uchiyama et al 2007

SNR RX J1713.7-3946 

Knots and filaments

���14

Knots δB/B～100



Uchiyama et al 2007

SNR RX J1713.7-3946 

Tycho 

Eriksen et al., 2011

Knots and filaments

���14

Knots δB/B～100

Radial filaments



Outline

���15

x[c/ωp]
y[
c/
ω
p
]

Btot (t= 500ω−1
c )

 

 

1500 2000 2500 3000 3500 4000 4500 5000 5500 6000 6500
0

500

1000

5

10

15

20

85% 
15% 



Outline

���15

Is acceleration at shocks efficient?

Hybrid simulations: >15% 

How do CRs amplify the magnetic 
field?

Filamentation instability

How do CRs scatter on the self-gen B? x[c/ωp]
y[
c/
ω
p
]

Btot (t= 500ω−1
c )

 

 

1500 2000 2500 3000 3500 4000 4500 5000 5500 6000 6500
0

500

1000

5

10

15

20

85% 
15% 



Outline

���15

Is acceleration at shocks efficient?

Hybrid simulations: >15% 

How do CRs amplify the magnetic 
field?

Filamentation instability

How do CRs scatter on the self-gen B? x[c/ωp]
y[
c/
ω
p
]

Btot (t= 500ω−1
c )

 

 

1500 2000 2500 3000 3500 4000 4500 5000 5500 6000 6500
0

500

1000

5

10

15

20

85% 
15% 



Time evolution

Diffusion coefficient 
(averaged over the 
upstream)



𝜹B/B ≳ 1, F(k) const:    

Bohm diffusion!

���16

10 Caprioli & Spitkovsky

101 102 103
10−1

100

101

E/Esh

D
(E

)/
D

B
(E

)

50 300 550 800 1050 1300 1550 1800 2050
t[ω−1

c ]

Figure 8. Time evolution of the diffusion coefficient, as a function of energy, inferred for the same simulation whose spectra are shown
in 2. D(E) is calculated according to eq. 5, and it is plotted as divided by the Bohm diffusion coefficient to emphasize its scaling. The
diffusion coefficient decreases with time at all the energies; at late times, Bohm diffusion is achieved for the highest-energy ions in the
system, while lower-energies particles show even faster diffusion because of the effects of magnetic field amplification in the precursor. A
color figure is available in the online journal

rable, or even more rapid, than Bohm at all the energies.
Low-energy non-thermal ions diffuse even faster than the
Bohm limit because they diffuse closer and closer to the
shock, where the magnetic field is enhanced by a factor
of 2 ÷ 3 with respect to B0. This result supports the
common assumption that, in the presence of magnetic
field amplification, the local diffusion coefficient must be
calculated in the amplified field (also see Reville & Bell
2013).
More precisely, the general formula for the diffusion

coefficient felt by particles with momentum p in the pres-
ence of a wave spectrum F(k) reads (Skilling 1975a)

D(p) =
4

π

v(p)

3

rL(p)

F(k̄)
, (7)

where k̄ = mωc/p is the wavenumber resonant with mo-
mentum p. Strictly speaking, the resonance condition
should involve only the component of p along k⃗ ∥ x̂ and
a multiplicative factor of O(1) (see appendix of Skilling
1975c), which can however be safely ignored for our pur-
poses.
By using eq. 6 the self-generated diffusion coefficient

can be rewritten as:

Dsg(E) =
8

3π

DB(E)

F(k)
(8)

It is important to stress that the inferred diffusion is
not induced by either any initial conditions, or by any
model assumption, but it is rather a consequence of the
self-generated magnetic turbulence. There are two non-
trivial points in our findings, pointed out for the first
time in hybrid simulations, as far as we know.

• First, the quasi-linear theory predicts Bohm diffu-
sion to be achieved in the Alfvénic turbulence ex-
cited via resonant streaming instability by a ∝ p−4

ion distribution (see, e.g. Bell 1978; Amato & Blasi
2006).

• Second, in the presence of non-linear amplification
of the magnetic field, the diffusion coefficient has
to be calculated in the local δB/B ! 1. This may
be of primary importance to explain the maximum
energy achievable at SNR forward shocks, as dis-
cussed in section 6.

5. RESONANT VS NON-RESONANT STREAMING
INSTABILITY

In this section we summarize some basic concepts of
the two main instabilities that are expected to be ac-
tive in the upstream region because of the presence of
anisotropic accelerated particles. We choose a simple
DSA framework described by eq. 3, also assuming Bohm
diffusion, i.e., D(p) = v(p)

3 rL(p). We fix the test-particle
spectrum, f(p) ∝ p−4, and Bohm diffusion as our refer-
ence scaling, and we will discuss in the following how the
results depend on these assumptions.
Let us consider the solution of the stationary,

one-dimensional diffusion-convection equation for the
isotropic (in momentum space) distribution function
f(x, p) of accelerated particles (eq. 3).
From Eq. 3 one can see that particles with momen-

tum p diffuse up to ≈ D(p)/u, their distribution being
exponentially suppressed for larger x; therefore, at any
point x in the precursor, the CR spectrum has a low-
energy cut-off at p̄(x) such that D(x, p̄)/u ≈ x. If the
dynamical feedback of the accelerated particles is negli-
gible (small acceleration efficiency), the fluid velocity is
almost constant in the upstream, but, in principle, both
u and D may depend on x.
In order to understand how particles with a given

momentum amplify the magnetic field at any position
in the precursor, we follow the kinetic calculation of
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Figure 9. Time evolution of the maximum ion energy for a parallel shock with M = 20 (as in figures 2 and 8), compared with the DSA
prediction for Bohm diffusion (eq. 27).

NRI growth rate are reduced at high p, but the effect is
more severe for the NRI than for the RI. Eq. 13 can be
recast as

W (p) ≃
16

MA

(

p

mc

c

vsh

)ε/2

, (21)

where we assumed vinj ∼ vsh and ξcr, inj ∼ 10−3. Let
us consider the case of Tycho, which is expected to ac-
celerate particles up to about pmax ≃ 106mc; in this
case vsh ≃ 5000kms−1 and ε ≃ 0.2 (Morlino & Caprioli
2012), so that one gets W (p) ≃ 0.66(p/106mc)0.1: the
contribution of RI and NRI to the magnetic field amplifi-
cation are predicted to be of the same order of magnitude
for basically all the momenta of interest.
All these considerations should hold for observed

SNRs, but it is also important to consider these theoret-
ical expectations with respect to the hybrid simulations
presented in this work. Since the obtained CR spectra
are ∝ p−4, we can use eq. 13 in order to estimate the
relative role of NRI and RI in our runs. The presented
simulations have M = 20 in the downstream reference
frame, which correspond to MA = M(1 + 1/r) ≃ 25 in
the shock reference frame (the actual parameter that en-
ters eq. 13); moreover, we infer ξcr,inj ≈ 5 × 10−3, and
vinj ≈

√
3vsh (see figure 2). This means that, in our

runs, W0 ≈ 0.3, which implies that both instabilities are
expected to grow with almost the same rate, and more
precisely:

Γres(p) ≈ 0.027

(

pinj
p

)

ωc, Γnr ≈ 0.088

(

pinj
p

)

ωc.

(22)
Quite interestingly, the fastest growing modes read

Kres ≈ 0.04

(

pinj
p

)

ωp

c
, Knr ≈ 0.09

(

pinj
p

)

ωp

c
,

(23)
i.e., for typical injection fractions and for not very large
M , the most unstable modes of both instabilities have

comparable wavelengths.
The typical advection time in the precursor in our sim-

ulations is of order of DB/v2sh ∝ E ∝ p2 (see eq. 6), so
that the number of e-folds Ξ ∝ p, differently from what
should happen in the case of relativistic particles, where
D ∝ p, and hence Ξ should be independent of p.

6. MAXIMUM ION ENERGY

We want to compare the evolution of the maximum
energy in the ion distribution, determined by fitting the
post-shock spectrum with a power-law ∝ E−1.5, plus an
exponential cut-off at Emax(t).
In the context of DSA, the instantaneous maximum

energy is often limited by the finite time available for
accelerating a particle up to Emax. The acceleration time
can be calculated as (O’C. Drury 1983):

Tacc(E) =
3

u1 − u2

[

D1(E)

u1
+

D2(E)

u2

]

, (24)

where u is the fluid speed in the shock reference frame,
D the diffusion coefficient, and the subscripts 1 and 2
refer to upstream and downstream. For simplicity, we
assume here u and D to be constant in space, but eq. 25
can be generalized to the case of efficient CR acceleration
and magnetic field amplification, in which all the relevant
quantities depend on x (Blasi et al. 2007).
Let us also assume D1 ≃ D2 = D, and remembering
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where we assumed vinj ∼ vsh and ξcr, inj ∼ 10−3. Let
us consider the case of Tycho, which is expected to ac-
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case vsh ≃ 5000kms−1 and ε ≃ 0.2 (Morlino & Caprioli
2012), so that one gets W (p) ≃ 0.66(p/106mc)0.1: the
contribution of RI and NRI to the magnetic field amplifi-
cation are predicted to be of the same order of magnitude
for basically all the momenta of interest.
All these considerations should hold for observed

SNRs, but it is also important to consider these theoret-
ical expectations with respect to the hybrid simulations
presented in this work. Since the obtained CR spectra
are ∝ p−4, we can use eq. 13 in order to estimate the
relative role of NRI and RI in our runs. The presented
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i.e., for typical injection fractions and for not very large
M , the most unstable modes of both instabilities have

comparable wavelengths.
The typical advection time in the precursor in our sim-

ulations is of order of DB/v2sh ∝ E ∝ p2 (see eq. 6), so
that the number of e-folds Ξ ∝ p, differently from what
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D ∝ p, and hence Ξ should be independent of p.
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We want to compare the evolution of the maximum
energy in the ion distribution, determined by fitting the
post-shock spectrum with a power-law ∝ E−1.5, plus an
exponential cut-off at Emax(t).
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energy is often limited by the finite time available for
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Figure 6. Top panel : Magnetic field profile immediately upstream of the shock, for different Mach numbers as in the legend, at t = 100ω−1
c .

The profile is calculated by averaging over 200c/ωp in the transverse size and over 20ω−1
c in time, in order to smoothen the time and space

fluctuations due to the Bottom panel : Total magnetic field amplification factor in the precursor, averaged over a distance ∆x = 10Mc/ωp

ahead of the shock, as a function of the Alfvénic Mach number (red symbols). The dashed line ⟨Btot/B0⟩2 ∝ MA is consistent with the
prediction of resonant streaming instability (see text for details). A color figure is available in the online journal.

where Pw and Pcr are the pressure (along x) in magnetic
field and in CRs, and M̃A = (1+1/r)MA is the Alfvénic
Mach number in the shock reference frame (r ≈ 4 for
a strong shock, thereby typically M̃A ≃ 1.25MA); We
have also introduced the transverse (self-generated) com-

ponent of the field, B⊥(x) =
√

B2
y(x) +B2

z(x).

Assuming isotropy in the self-generated magnetic field,

one has B2
⊥

= 2
3B

2
tot, and in turn Pw ≈ B2

tot

12π . Dividing
both members of eq. 1 by ρũ2, where ũ is the fluid veloc-
ity int the shock frame, and introducing the normalized
CR pressure at the shock position ξcr = Pcr(xsh)

ρũ2 , one
finally gets

〈

Btot

B0

〉2

sh

≈ 3ξcrM̃A. (2)

The actual value of ξcr can be derived by measuring the
amount of braking of the fluid in the precursor (see Pa-
per I for an extensive discussion), and it is strictly re-
lated to the CR acceleration efficiency. In the range of

Mach numbers considered here, it varies between 10 and
15% at t = 200ω−1

c (also see figure 3 in Paper I). Quite
remarkably, if we pose ξcr = 0.15, eq. 2 provides a very
good fitting to the amplification factors inferred from our
simulations (dashed line in figure 6).
The extrapolation of the presented results to higher

Mach numbers according to eq. 2 is consistent with the
hypothesis that CR-induced instabilities can account for
the effective magnetic field amplification inferred at the
blast waves of young SNRs, even with moderate CR ac-
celeration efficiencies of about 10–20%.
It would be tempting to conclude that resonant stream-

ing instability is the almost effective channel through
which the CR current amplify the pre-existing magnetic
field, but there are some caveats. The non-resonant
streaming instability (Bell 2004, 2005) is predicted to be
the fastest to grow, and it might saturate on time-scales
shorter than the advection time in the precursor: reso-
nant (and also long-wavelength modes, see Bykov et al.
2011) modes may develop on top of the background pro-
vided by saturated short-scale modes. Dedicate PIC and
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field and in CRs, and M̃A = (1+1/r)MA is the Alfvénic
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rable, or even more rapid, than Bohm at all the energies.
Low-energy non-thermal ions diffuse even faster than the
Bohm limit because they diffuse closer and closer to the
shock, where the magnetic field is enhanced by a factor
of 2 ÷ 3 with respect to B0. This result supports the
common assumption that, in the presence of magnetic
field amplification, the local diffusion coefficient must be
calculated in the amplified field (also see Reville & Bell
2013).
More precisely, the general formula for the diffusion

coefficient felt by particles with momentum p in the pres-
ence of a wave spectrum F(k) reads (Skilling 1975a)

D(p) =
4

π

v(p)

3

rL(p)

F(k̄)
, (7)

where k̄ = mωc/p is the wavenumber resonant with mo-
mentum p. Strictly speaking, the resonance condition
should involve only the component of p along k⃗ ∥ x̂ and
a multiplicative factor of O(1) (see appendix of Skilling
1975c), which can however be safely ignored for our pur-
poses.
By using eq. 6 the self-generated diffusion coefficient

can be rewritten as:

Dsg(E) =
8

3π

DB(E)

F(k)
(8)

It is important to stress that the inferred diffusion is
not induced by either any initial conditions, or by any
model assumption, but it is rather a consequence of the
self-generated magnetic turbulence. There are two non-
trivial points in our findings, pointed out for the first
time in hybrid simulations, as far as we know.

• First, the quasi-linear theory predicts Bohm diffu-
sion to be achieved in the Alfvénic turbulence ex-
cited via resonant streaming instability by a ∝ p−4

ion distribution (see, e.g. Bell 1978; Amato & Blasi
2006).

• Second, in the presence of non-linear amplification
of the magnetic field, the diffusion coefficient has
to be calculated in the local δB/B ! 1. This may
be of primary importance to explain the maximum
energy achievable at SNR forward shocks, as dis-
cussed in section 6.

5. RESONANT VS NON-RESONANT STREAMING
INSTABILITY

In this section we summarize some basic concepts of
the two main instabilities that are expected to be ac-
tive in the upstream region because of the presence of
anisotropic accelerated particles. We choose a simple
DSA framework described by eq. 3, also assuming Bohm
diffusion, i.e., D(p) = v(p)

3 rL(p). We fix the test-particle
spectrum, f(p) ∝ p−4, and Bohm diffusion as our refer-
ence scaling, and we will discuss in the following how the
results depend on these assumptions.
Let us consider the solution of the stationary,

one-dimensional diffusion-convection equation for the
isotropic (in momentum space) distribution function
f(x, p) of accelerated particles (eq. 3).
From Eq. 3 one can see that particles with momen-

tum p diffuse up to ≈ D(p)/u, their distribution being
exponentially suppressed for larger x; therefore, at any
point x in the precursor, the CR spectrum has a low-
energy cut-off at p̄(x) such that D(x, p̄)/u ≈ x. If the
dynamical feedback of the accelerated particles is negli-
gible (small acceleration efficiency), the fluid velocity is
almost constant in the upstream, but, in principle, both
u and D may depend on x.
In order to understand how particles with a given

momentum amplify the magnetic field at any position
in the precursor, we follow the kinetic calculation of
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rable, or even more rapid, than Bohm at all the energies.
Low-energy non-thermal ions diffuse even faster than the
Bohm limit because they diffuse closer and closer to the
shock, where the magnetic field is enhanced by a factor
of 2 ÷ 3 with respect to B0. This result supports the
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field amplification, the local diffusion coefficient must be
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shock, where the magnetic field is enhanced by a factor
of 2 ÷ 3 with respect to B0. This result supports the
common assumption that, in the presence of magnetic
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trivial points in our findings, pointed out for the first
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